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Extended Dmamical Systems and S tab i l i t y  Theory 
The term dynamical system, as used i n  t h i s  note, i s  used t o  
descr ibe a one-parameter family of  operators  with c e r t a i n  proper t ies  
defined i n  an appropriate  space and i s  a n a t u r a l  genera l iza t ion  of 
d i f f e r e n t i a l  equations, funct ional  d i f f e r e n t i a l  equations and cer-  
t a i n  p a r t i a l  d i f f e r e n t i a l  equations. Zubov has shown t h a t  t h e  
s t a b i l i t y  theorems of Liapunov as wel l  as t h e i r  converses a r e  ap- 
p l i c a b l e  t o  dynamical systems. These r e s u l t s  play an important r o l e  
i n  t h e o r e t i c a l  s tud ie s  of s t a b i l i t y  but, unfortunately,  a r e  not easy 
t o  apply t o  p a r t i c u l a r  problems. 
1 
For ordinary d i f f e r e n t i a l  equations and func t iona l  d i f f e r -  
2 3 e n t i a l  equations LaSalle and Hale have shown t h a t  t he  l i m i t i n g  
s e t s  of t r a j e c t o r i e s  which l i e  i n  a compact subset of t h e  space a re  
contained i n  the  l a r g e s t  invar ian t  s e t  where the  d e r i v a t i v e  of t h e  
Liapunov funct ion V vanishes. The purpose of the  present  paper i s  
t o  extend t h i s  r e s u l t  and other r e l a t e d  s t a b i l i t y  r e s u l t s  t o  dynam- 
i c a l  systems. I n  t h i s  manner the  invariance p r i n c i p l e  and t h e  sta- 
b i l i t y  theorems obtained a re  also appl icable  t o  a l a rge  c l a s s  of 
p a r t i a l  d i f f e r e n t i a l  equations. The n a t u r a l  s e t t i n g  f o r  t h e  study 
of dynamical systems i s  a Banach space, which cam be considered as 
the  space of continuous functions over a f i n i t e  i n t e r v a l  i n  the  
case of func t iona l  d i f f e r e n t i a l  equations, as t h e  Euclidean space 
i n  the  case of d i f f e r e n t i a l  equations, and as a Sobolev space f o r  
c e r t a i n  hyperbolic p a r t i a l  d i f f e r e n t i a l  equations.  
2 
Let R' denote the  i n t e r v a l  [O,w) and ,d./ a Banach 
space w i t h  llcpll t h e  norm of an element cp of t h i s  space. 
QL 
Defini t ion 1. We say u i s  a dynamical system on a Banach - -  
space @ i f  u i s  a continuous mapping of R+ x @ i n t o  @, 
u(t,cp) i s  uniformly colltinuous i n  t f o r  t,cp i n  bounded se t s ,  
u(0,cp) = cp and u(t+T,cp) = u(t,u(T,cp)) f o r  all t , z  5 0, cp i n  
The pos i t ive  o r b i t  O+(cp) through cp i n  @ i s  def ined as 
O+(cp) = U u(t,cp). We say cp i s  an equi l ibr ium poin t  i f  O+(cp) = 
= cp .  
tSO 
1 Zubov has  discussed systems of t h i s  type,  without t h e  uniform 
con t inu i ty  condi t ion on bounded se t s ,  and r e fe r r ed  t o  them a s  general-  
ized dynamical systems. I n  t h e  theory  o f  dynamical systems on n-dimen- 
s i o n a l  vector spaces t h e  concept of i nva r i an t  s e t s  i s  b a s i c  s ince  t h e  
l i m i t s  o f  o r b i t s  a r e  inva r i an t  s e t s .  Zubov de f ines  an inva r i an t  s e t  
of h i s  generalized dynamical system a s  a s e t  M such t h a t ,  f o r  any 
cp i n  M, O+(cp) belongs t o  M. Since u i s  def ined only on R+ 
t h i s  appears at f irst  s igh t  t o  be a reasonable d e f i n i t i o n ;  however, 
t h i s  d e f i n i t i o n  does not impart any s p e c i a l  s ign i f i cance  t o  t h e  l i m i t  
s e t  o f  an o r b i t  and appears unreasonable s ince  it genera l ly  occurs 
t h a t  t r a j e c t o r i e s  having l i m i t s  can be used t o  de f ine  func t ions  on 
(-w,w).  We s h a l l  t he re fo re  modify t h e  d e f i n i t i o n  of i nva r i an t  s e t .  
If u i s  a dynamical system on @, then one can be 
assured tha t  O+(cp) has a nonempty l i m i t  s e t  i f  O+(cp) belongs t o  
a compact subset of 8.  I n  ordinary d i f f e r e n t i a l  eguations and 
c 
fun;.tiona,l d i f f e r e n t i a l  equations it i s  poss ib l e  t o  show t h a t  
belonging t o  a bounded s e t  implies 
(see, f o r  example r e f .  3 ) and thus t h e  lhit s e t  i s  nonempty. 
ever, f'or many p a r t i a l  d i f f e r e n t i a l  equations,  t h i s  i s  not t he  case. 
O+(cp) 
O+(cp) belongs t o  a compact s e t  
How- 
On t,h 
o r b i t s  i n f l  w i l l  belong t o  a compact s e t  of  a l a rge r  Banach space & . 
ottic r hand, f o r  c e r t a i n  p a r t i a l  d i f f e r e n t i a l  rquat ions bounded 
It i s  t h i s  l a t t e r  property which we wish t o  e x p l o i t  i n  de- 
t a i l .  
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l i m i t  of t h e  o r b i t  i n  a (thus extending t h e  dynamical system) and 
More spec i f i ca l ly ,  i f  we know t h a t  every bounded o r b i t  i n  
belongs t o  a compact s e t  i n  G, then  we can d i scuss  t h e  
as a consequence hope t o  obtain more s p e c i f i c  information about 
t r a j e c t o r i e s  than  would be possible  by remaining only i n  @. 
These remarks provide t h e  motivation f o r  t h e  fol lowing discussion.  
The reader  should con t r a s t  t h i s  approach w i t h  t h e  one of Auslander and 
Se iber t  4 i n  which it i s  assumed t h a t  t h e  space (8 i r ,  local-ly compact. 
Let 6 ,% be Banach spaces, @ C z  and l e t  t h e r e  
e x i s t  a cons tan t  K > 0 such t h a t  l l ~ ~ l l  5 KIIV/16b s 
Def in i t i on  2. Let u be a dynamical system on @. Let 
B* be t h e  s e t  of cp 
@ and a func t ion  u*(t,cp) i n  f o r  t i n  R', such t h a t  
~~cpn-cp~~s  -+ 0, Ilu(t,cp,)-u*(t,cp)lL -+ o as n --f 03 uniformly on 
i n  such t h a t  t h e r e  i s  a sequence cpn i n  
compact subse ts  of R'. We r e f e r  t o  t h e  func t ion  u*: R+ x 6* + a* 
as t h e  extension of t he  dynamical system u 
the  extended dynamical system. 
t o  @I* o r  simply as - -- -- 
The funct ion u* i s  c l e a r l y  an extension of u. I n  f ac t ,  
i f  cp i s  i n  0, then there  e x i s t s  a sequence cp i n  @ such 
n 
4 
t h a t  l/cpn-cpll + 0 (and the re fo re  llcpn-qlL + 0) as  n -+ W. This 
f a c t  and the cont inui ty  of u implies /Iu(t,cpn)-u(t,cp)ll, + 0 as 
n + co and therefore  l l u ( t , ' pn ) -u ( t , cp ) l l~ ,~  0 as  n -+ w. Thus 
u*(t,cp) = u(t,cp) f o r  cp i n  @ . Furthermore it i s  easy t o  prove 
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* 
Lemma 1. The funct ion u (t,cp) i s  continuous i n  t and 
u*(o,cp) = 'p, u*(t+T,cp) = U*(t,u*(T,cp)) f o r  t , ~  i n  R + and 'p 
i n  a*. 
We now give a d e f i n i t i o n  of invariance of a d i f f e r e n t  na ture  
from the  one given by Zubov: 
Defini t ion 3 :  A s e t  M i n  a* i s  an inva r i an t  s e t  of 
t he  dynamical system i f  f o r  each cp i n  M t he re  i s  a funct ion 
U ( t , c p )  defined and i n  M f o r  t i n  (-w,w) such t h a t ,  f o r  any 
u i n  (-w,m), u*(t,u(u,cp)> = U(t+u,cp) f o r  all t i n  R+. 
Defini t ion 4: For any cp i n  6, t h e  0 - l i m i t  s e t  R(cp) 
of t he  o r b i t  through cp i s  t h e  s e t  of $ i n  such t h a t  t he re  
i s  a nondecreasing sequence (t,], tn > 0, tn + w as n + such 
t h a t  1 )  u(tn,cp)-$\& -+ 0 as n -+ 03. 
It should be noted t h a t  s e t s  a r e  invariant according t o  t h e  
above d e f i n i t i o n  r e l a t i v e  t o  t h e  i n t e r v a l  (-w,w) and t h a t  t h e  
co-limit s e t  of an o r b i t  i s  obtained r e l a t i v e  t o  convergence i n  3 
and not  i n  
prove the  fundamental 
@. With these  d e f i n i t i o n s  it i s  then poss ib le  t o  
. 
. 
Lemma 2: Let cp i n  (i3 be such t h a t  O+(cp) belongs t o  a 
bounded s e t  of and a compact subset  of ,x Then t h e  c u - l i m i t  
s e t  R(cp) of t h e  o r b i t  through cp i s  a nonempty, compact, connected 
s e t  i n  @I*, i nva r i an t  with r e spec t  t o  t h e  extended dynamical 
+ 
Proof: Since 0 ( c p )  belongs t o  a compact subset  of 3, 
it i s  c l e a r  t h a t  Q ( c p )  
of . W e  s h a l l  sh~w 5elov tha t  it L - l h - - n  ucLul16;u t o  @*. Suppose 
t h a t  $ i n  R(cp) i s  given and t h a t  {td, nondecreasing, t 2 0, n 
t n +  a, as n -+ m s a t i s f i e s  I Iu( tn ,cp) -$ l IG-+O a s  n + 03, For a 
given T i n  [O,m)  t h e r e  e x i s t s  an no(T) such t h a t  tn - T 2 0 
f o r  n 2 n ( T )  and it i s  t he re fo re  meaningful t o  consider  t h e  se- 
quence u(t+tn,cp); n 2 n ( T ) ,  t i n  [-T,T]. By hypothesis  t h e r e  
e x i s t s  an M such t h a t  Ilu(t,(P)II@ 5 M f o r  a l l  t i n  [O,m). 
Thus Iju(t,cp)llG 5 KM f o r  n L n (T) ,  t i n  [-T,T]. Also, s ince  
u(t,cp) i s  uniformly continuous i n  t f o r  t,cp i n  bounded se t s ,  
f o r  any E > 0 the re  e x i s t s  a 6 > 0 such t h a t  




for n 2 no(.), 0 5 s 5 6. This proves t h a t  t h e  sequence 
{u(t+tn,cp)), t i n  [-T,T] i s  uniformly bounded and equicontinuous 
i n  G,. Since t h i s  sequence belongs by hypothesis  t o  a compact 
subset  of &, Ascol i ' s  theorem implies  t h e  ex is tence  of a sub- 
6 
sequence which we again l a b e l  by 
l'ormly on [ - T , T ] ;  t h a t  i s ,  there  e x i s t s  a funct ion U ( t , c p )  
continuous i n  t such t h a t  l i m  (lU(t,cp)-u(t+tn,cp)ll = O  uniformly 
n-w 
on [ - 2 ,  71. Obviously U(0,cp) = $. L e t t i n g  now T = 1,2, 
successively and using the fami l ia r  t r i a n g u l a r i z a t i o n  procedure we 
determine a subsequence which i s  r e l a b l e d  by and a continuous 
function U ( t , c p )  defined for t i n  (-w,m) such t h a t  
lim I ~ U ( t , c p ) - u ( t + t n , c p ) ~ ~  = 0 uniformly on compact subsets  of 
n- 
(-a,..). Applying t h i s  i n  p a r t i c u l a r  t o  [O,w) we obtain t h a t  $ 
belongs t o  a*. Furthermore, it i s  c l e a r  t h a t  U( t ,cp)  i s  i n  R(cp) .  
tn 
such t h a t  i t  converges uni- 
G 
t n 
Let now u be an a r b i t r a r y  r e a l  number i n  (-m,w). We 
claim t h a t  U(t+u,cp) = u*(t,U(a,cp)), t h 0. For t h i s  p a r t i c u l a r  CY 
We have lim Ilu(u+t,cp)-U(o,cp)l& = 0 and lim IIu(t ,u(u+t,cp)) - 
n+w n-tw 
- U(t+o, (p) \& = 0 uniformly on compact subsets  of [O,w). 
t h i s  i s  prec ise ly  the  manner i n  which 
This show t h a t  R(cp) 
dynamical system. It i s  c l e a r  t h a t  R(cp) i s  connected. 
But 
* 
u (t,U(u,cp)) was defined. 
i s  i n v a r i a n t  with respec t  t o  t h e  extended 
We now show t h a t  R(cp) i s  closed. Let $ i n  R(cp) be 
such t h a t  $n + $ as n + 00. Then f o r  any €-neighborhood of JI 
i n  2 there  e x i s t s  a tE,tE + w  as E + 9  such t h a t  Ilu(t,,(p) - 
- $I]%< E. Hence closure.  
n 
, Final ly ,  assume the re  e x i s t s  a sequence { tn) ,  nondecreas- 
ing, tn + as n --3 03 and an a > 0 such t h a t  l\u(tn,cp)-$l\ 2 a 
LE 
r o r  ail $ i n  Q ( c p ) .  By assumption {u(tn,rp)) belongs t o  a com- 
pact s e t  of = and therefore  t h e r e  e x i s t s  a subsequence which 
- 
converges t o  $ i n  x .  But then belongs t o  R(cp) by de f in i -  
t ion ,  cont rad ic t ing  the  assumption and the  proof i s  complete. 
We now def ine  t h e  concepts of s t a b i l i t y  with respec t  t o  
these  spaces: 
Def in i t ion  5: If zero i s  an equi l ibr ium point,  then we 
say t h a t  zero i s  s t a b l e  i f  f o r  every E > 0 t h e r e  e x i s t s  a 6 > 0 
such t h a t  l]rp/Ia < 6 implies  ]Iu(t,rp)lIa< E f o r  a l l  t 2 0. If, 
i n  addi t ion,  t he re  e x i s t s  a b > 0 such t h a t  llcp]l < b implies  
~ ~ u ( t , c p ) ~ ~ s  + 0 as 
s t a b l e  (8,s). 
63 
t - + w  then the  o r i g i n  i s  s a i d  t o  be asymptot ical ly  
The o r i g i n  i s  c a l l e d  uns tab le  i f  it i s  not  s t a b l e .  
It i s  remarked t h a t  asymptotic s t a b i l i t y  i s  def ined by t ak ing  
limits i n  3, as i s  t o  be expected from t h e  d e f i n i t i o n  of cu-limit 
s e t s .  
If V i s  a continuous s c a l a r  func t iona l  
we def ine  
def ined on 
5 Following LaSalle we give 
8 
Defini t ion 6; We say a s c a l a r  func t iona l  V i s  a Liapunov 
func t iona l  on a s e t  G i n  @ i f  V i s  continuous and bounded be- 
low on G and $ ( C p )  5 0 f o r  Cp i n  G. We d e f i n e  s e t s  R,M a s  
follows : 
- - -  
R = ((p i n  : t he re  e x i s t s  (cp,) i n  G with l i m  I\(pn-cpl/ = 0 
n- 3z 
and l i m  i'(cpn) = o) ,  
n+w 
and M i s  t h e  l a r g e s t  s e t  i n  R which i s  i n v a r i a n t  with respect  t o  
t h e  extended dynamical system. 
With t h e  above d e f i n i t i o n s  and with t h e  fundamental Lemma 2 
it i s  now poss ib l e  t o  prove s t a b i l i t y  theorems which a r e  d i r e c t  
gene ra l i za t ions  of those given f o r  func t iona l  d i f f e r e n t i a l  equations 
and d i f f e r e n t i a l  equations . 3,4 
Theorem 1: Suppose every o r b i t  O+(cp) which i s  i n  a 
bounded s e t  i n  @ a l s o  belongs t o  a compact set  i n  2 .  I f  V 
i s  a Liapunov func t iona l  on G and an o r b i t  O+(cp) belongs t o  G 
and i s  i n  a bounded s e t  i n  63, then u(t,cp) + M  i n  as 
Corollary 1: Suppose t h a t  every o r b i t  which belongs t o  a 
bounded s e t  i n  @I a l s o  belongs t o  a compact s e t  i n  3"o . Assume 
V i s  a continuous s c a l a r  func t iona l  def ined on @ , S = (cp  i n  6): 
P 
V(cp) < p) and l e t  G be S o r  a component of S If V i s  a 
P P' 
T,iapunov func t iona l  on G and any o r b i t  remaining i n  G belongs t o  
9 
a bc;unded set i n  6, then cp i n  G h p l i e s  u(t,Cp) + M  i n  
a s  t 4 0 3 .  
Note, i n  t h i s  corol lary,  t h a t  i f  zero  i s  i n  G and M con- 
s i s t s  of only t h e  poin t  zero, then the  o r i g i n  i s  an " a t t r a c t o r "  but  
we have not shown it t o  be s t ab le .  The following r e s u l t  gives  
condi t ions t h a t  i n su re  s t a b i l i t y .  The p a r t  of t h e  co ro l l a ry  which 
does not follow d i r e c t l y  from Theorem 1 i s  proved as i n  t h e  usua l  
Liapunov theory.  
Corollary 2; If the  conditions of Corol lary 1 a r e  s a t i s f i e d  
and V i s  a continuous pos i t i ve  d e f i n i t e  func t iona l  on G, then 
zero  i s  s t ab le .  I f ,  i n  addition, M = (01, then zero i s  asymptoti- 
c a l l y  s t a b l e  (8, E ) .  If, i n  addi t ion,  i s  negat ive de f in i t e ,  
then zero i s  asymptot ical ly  s t a b l e  (@, a). 
The s t ronger  form of asymptotic s t a b i l i t y  given i n  t h e  l as t  
p a r t  of t h i s  coro l la ry&ould  be noted. Unfortunately, f o r  amy given 
system it i s  very d i f f i c u l t  t o  cons t ruc t  a Liapunov func t iona l  with 
these  c h a r a c t e r i s t i c s .  
Theorem 2: Suppose t h a t  every o r b i t  which i s  i n  a bounded 
s e t  i n  63 a l s o  belongs t o  a compact s e t  i n  . Let zero  be an 
equilibrium poin t  contained i n  the  c losure  of an open s e t  
l e t  N be a neighborhood of zero. Assume t h a t  
U and 
(i) V i s  a Liapunov func t iona l  on G = U fl N, 
i s  e i t h e r  the  empty s e t  or i s  zero, (it) M fl G 
4 
c 
(iii) ~ ( c p )  < '1 on G d e n  cp # 0 
( i v )  V ( 0 )  = '1 and V(cp) = q when cp i s  i n  t h a t  p a r t  of 
t h e  boundary of G i n s i d e  N. 
Then zero i s  unstable .  
borhood of zero properly contained i n  N, then cp # 0 i n  G 0 = 
= G fl No implies t h a t  t h e r e  e x i s t s  a z > 0 such t h a t  u(z,cp) be- 
lony t o  t hc  boundary of 
More p rec i se ly ,  if No . i s  a bounded neigh- 
No. 
The proofs of t hese  theorems and c o r o l l a r i e s  follow c l o s e l y  
F 
those previously given f o r  ordinary d i f f e r e n t i a l  equations'. 
The lemmas and theorems displayed above a r e  i n  terms of  
two spaces, a and 3. I f  t h e  space d3 i s  a H i l b e r t  space 
then a considerable s impl i f i ca t ion  occurs.  
Lemma ? :  If :;3 i s  a H i lbe r t  space and i s  a Banach space, q c &Y 
IlcpllG Kllcpll f o r  some constant K>O,then t h e  u n i t  b a l l  i n  65 
i s  closed i n  . 
T i s  lemma i s  a d i r e c t  consequence o f  t h e  Fanach-Saks Theorem. 
It f o l l o w s t h a t  i f  @I and a r e  H i l b e r t  spaces, 
then the s e t  a" i n  Def in i t i on  2 i s  t h e  same as 63 and t h e r e -  
f o r e  the extended dynamical system i s  t h e  same as t h e  o r i g i n a l  
dynamical system. Therefore, t h e  w - l i m i t  s e t s  w i l l  belong t o  a 
but  t h e  convergence of u(t,cp) to i t s  o - l i m i t  s e t  i s  i n  t h e  sense 
of t h e  topology of and not, i n  gene ra l  i n  a. These remarks 
p l ay  an important r o l e  i n  t h e  app l i ca t ions  t o  c e r t a i n  p a r t i a l  d i f f e r -  
e n t i a l  equations. 
